The concept of fracture for material elements at front of a crack for fatigue crack propagation was extended to the fatigue crack propagation of a cracked metallic member reinforced with a composite patch in this paper. From static mechanics and linear elastic fracture mechanics, force transfer on a cracked member through a composite patch was analyzed and a formula connecting the stress intensity factor with crack length was obtained. Thereafter, a fracture model for fatigue crack propagation of a repaired cracked metallic member was proposed. A new expression for the fatigue crack propagation rate has thus been derived. The expression was verified objectively by the test data. It is in good agreement with the test results.
Introduction
Repair of cracked metallic structures by bonding of a composite patch has been accepted in engineering application and used to extend service life of these components. This approach has already become a standard one in the aircraft industry [1] , where most studies have focused on repair of cracked aluminum alloy structures [2] [3] [4] [5] . Such applications have also been used in other engineering fields, such as automobile industry and civil engineering [6] [7] [8] . Most of the industrial members are subjected to fatigue loading. Therefore, fatigue assessment has been widely applied to check the effectiveness of a composite patch [7] [8] [9] [10] [11] .
Glass fiber, carbon fiber and boron fiber composite patches are now used to repair cracked metallic structures. They are fixed on the surface of the cracked metallic structure by adhesive, so that three layer structures can be formed, including the cracked metallic structure, the composite patch, the adhesive layer [12] . The three layer technique has become a base of numerical analysis on the cracked structure reinforced with composite patches [5, 8, 9] . After a cracked structure is repaired, there is force and a force transfer occurs between the cracked structure and the composite patch through the adhesive layer. Under tension loading, the force transfer will produce a sharing force reduction on both sides of a crack due to the bridging effect of a composite patch. The strain energy release rate at the crack tips is highly reduced [5, 8] , which results in the improvement of the fatigue life of the cracked member. Therefore, the stress intensity factor analyzed by numerical analysis [8, 13, 14] exhibits an asymptotic behavior as the crack length is increased and its value decreases considerably in comparison with an unbonded cracked member.
Some analytical and experimental researches have investigated the fatigue crack propagation (FCP) behavior of cracked metallic members repaired with a single-sided or double-sided composite patches [5, 8, 9, 11, 14, 15] . The numerical studies for this problem have mainly focused on the determination of stress intensity factors in the cracked panels through calculating the strain energy release rate. Thereafter, Paris equation for the FCP can be used to calculate the a-N curves under fatigue loading [14, 15] . However, this approach only gives an analytical procedure for the FCP, and does not give a simple expression of the FCP rate for a repaired cracked metallic member.
More recently, a simple methodology for predicting FCP in the low stress intensity factor range region (region I) to mid region (region II, stable crack propagation region) [16] was presented. After examining the FCP history of a range of test specimens and cracks repaired with a composite patch, a nearly linear relationship between the logarithm of the crack length and the number of cycles was proposed. The proportion coefficient in this linear relationship is an empirical parameter, which varies considerably with loading condition, and has no explicit meaning. The shapes of the FCP a-N curves predicted by this methodology are different with those from other test data for the same aluminum alloy [10, 11, 17] .
In this paper, attempts were made to develop a fracture model for FCP of a cracked metallic member reinforced with a composite patch based on the concept of material element fracture in front of a crack tip [18] and the fact that there are no changes in the properties of the metallic member. A FCP rate expression, which reveals the correlation between the FCP rate and intrinsic properties of the metallic member and of the composite patch, the structural configuration of the repaired cracked metallic member, nominal stress intensity factor range, an applied stress ratio, is derived. The FCP rate expression was examined objectively by the test results from literature. Finally, the fracture model and some parameters in the FCP rate expression were discussed.
Modelling fatigue crack propagation of a repaired cracked metallic member

Hypothesis on crack propagation
FCP in a cracked metallic member reinforced with a composite patch may be assumed to occur when the material elements ahead of a crack tip as illustrated in Fig. 1 [18] are fractured. When a specimen is loaded in tension or the crack is a mode I crack, the fracture of the material elements occurs in a tension fracture known as static fracture [19] . When a specimen is loaded under fatigue loading, the fracture of the material elements occurs in fatigue fracture.
When a composite patch is bonded onto a cracked metallic member, there exists a bridging effect between both sides of the crack. When a load is applied on the cracked metallic member, resulting in an opening displacement of the crack lip, this displacement will be limited by the composite patch, which will then be loaded. Thus there is a force transfer from the metallic element to the composite patch, and the crack opening is reduced. Actual stress applied on the cracked member section, which is different but related to the nominal stress, will be decreased to improve the resistance of the cracked threshold stress intensity factor range for R = 0 Dr nominal stress range member to fatigue loading and to extend its fatigue life. In other words, a composite patch will cause the stress intensity factor at the tip of the crack of the cracked member to be reduced [8, 13, 15] . It should be pointed that the intrinsic fatigue properties of the metallic member do not change despite the bonding of the composite patch on the cracked member. This fact has been accounted for in determining stress intensity factor of repaired cracked members either by an experimental approach [9] or by applying Paris equation for FCP analysis [14, 15] .
Fatigue crack propagation rate in metals
Based on Lal and Weiss [19] static model for crack propagation, Zheng and Hirt [18] proposed a modified static model for FCP in metals. It is based on the assumption that FCP occurs due to the fracture of the so-called fatigue element located ahead of the crack tip as shown in Fig. 1 and that the crack tip must be bluntened during loading in order to maintain the mechanical equilibrium at the crack tip. Considering that the FCP threshold, DK th , always exists and that the difference between stress intensity factor range DK and DK th , which is defined as the effective stress intensity factor range, DK eff , is the governing factor for FCP, a simple expression for the FCP rate in metals, da dN , is derived from the above mentioned model [18] :
where B is the resistance coefficient of FCP, which is a material constant depending on the tensile properties and the FCP mechanism in the stable crack propagation region.
The test results indicate that the applied stress ratio, R, mainly influences the FCP rate near the threshold region. Hence, the threshold DK th intensively depends on the applied stress ratio. The correlation between DK th and R, obtained by parameter fitting, can be expressed as [20] :
where DK th0 is the threshold for an applied stress ratio R = 0, and c is a fitting constant ranging between 0 and 1. Further studies have shown that the expression for the FCP rate well suited to describe the general rules of FCP in steels and aluminum alloys [20, 21] .
Effect of a composite patch
It is recognized that nominal stress on a cracked metallic member under fatigue loading is less than the yield strength of the structural material; it is under elastic deformation as a whole, except the small scale yielding region at the tip of a crack. It can be assumed that a composite patch bonded onto the cracked metallic member will also undergo elastic deformation under fatigue loading.
According the three layer model [12] , a simple two layer structure without the adhesive layer can be taken to consider the force transfer. It is what is done in this paper and shown in Fig. 2 . When a nominal load, P, corresponding to a nominal stress r, is applied on the two layer structure, the structure will experience elastic deformation. The nominal load will be divided into two parts: one is a load P m that is acting on the metallic member; the other is a load P c that is acting on the composite patch. Then, a relationship between P, P m and P c can be obtained: Eq. (3) can be expressed in function of stresses:
where A m and A c are the section area of the metallic member and of the composite patch, and r m and r c are the stresses in them, respectively.
Because the metallic member and the composite patch are fixed together at their ends, there will be the same strain, e, in both of them. From Hooke's law, the relationships between stress and strain are:
where E m and E c are Young's modulus of the metallic member and of the composite patch, respectively.
Substituting Eqs. (5) and (6) into Eq. (4) and removing r c , the stress acting on the metallic member is:
where R c may be called the stress reduction coefficient due to the existence of a composite patch. If both faces of the metallic member are bonded with composite patches, Eq. (8) will become:
It can be seen from Eqs. (8) and (9) that R c is a parameter that combines structural configuration and material properties. For a given metallic member and given composite patches, R c should be kept constant. Therefore, the stress acting on the metallic member will be decreased and will be less than the nominal stress when composite patches are bonded on it. If A m >> A c and E m > E c , R c will be close to a unit and this stress reduction effect, caused by composite patches, will be negligible. This implies that there is little reinforcing effect when composite patches are bonded onto an undamaged metallic member.
In Fig. 3 , a cracked metallic member reinforced with composite patches on both faces is considered. A central cracked tension (CCT) specimen with width of W and crack length of 2a is selected. From linear elastic fracture mechanics [22] , stress intensity factor at the tip of the crack, K, can be expressed as a function of nominal stress:
Substituting Eq. (10) into Eq. (7), the stress intensity factor of the cracked metallic member bonded with composite patches, K m , can be expressed as:
Eq. (11) represents an extreme state, in which the whole section of the composite patches is used to transfer the force or, in other words, the displacement is assumed also to exist on the remaining uncrack section , W À 2a, ahead of the crack tips. In reality, the patch section within the part of W À 2a of the cracked metallic member does not transfer any stress without considering the plastic zone at the crack tip. When the crack length is very small or no load is applied on the cracked metallic member, the patches will not transfer any stress. Thus, K m should approach to K. When the length of the crack, 2a, is very long and reaches to W, assuming that the cracked metallic member would not be fractured, K m should be equal to the value expressed by Eq. (11). This is equivalent to the case shown in Fig. 2 . Applying the principle of average distribution of stress, K m of the repaired cracked metallic member with a crack length equal to 2a can be express as:
Under fatigue loading, stress intensity factor K in Eq. (12) should be replaced by stress intensity factor range, DK. We then can write:
From Eq. (13), the importance of the reduction of DK m becomes larger as the crack length is increased. In other words, the reinforcing effect of the composite patches bonded onto a cracked metallic member becomes stronger than onto an undamaged metallic member.
Considering practical bonding technology and its variability, the ideal case illustrated in Fig. 2 can not be reached for all combinations between a cracked metallic member and composite patches. Furthermore, in fatigue test data, one can observe a large variability in specimens with the same patches, adhesive, bonding procedure and tests under the same conditions. An empirical coefficient, b, is suggested here to take into account the quality of the bonding and its variability. The upper limit b is one. Considering the practical bonding quality and variability, the modified stress reduction coefficient R 0 c , is expressed as:
Then, the expression for DK m , in Eq. (13), can be rewritten as follows:
A new FCP rate expression for a repaired cracked metallic member
It was shown that the stress intensity factor range at the tip of a crack is a main controlling factor for the FCP of a cracked metallic member reinforced with composite patches and that the fatigue property parameters, B, DK th0 and c cannot be changed in the presence of composite patches. Therefore, by substituting DK m , Eq. (15), into Eq. (1) instead of DK, a new FCP rate expression for a cracked metallic member reinforced by composite patches is obtained:
This expression reveals the correlation between the FCP rate and intrinsic properties of the metallic member and of composite patches, structural configuration of the repaired cracked metallic member, nominal stress intensity factor range. Furthermore, the influence of the applied stress ratio can be taken into account using Eq. (2). 
Verification of the developed model for FCP
Methods
Tests on cracked aluminum alloy and steel members found in literature [11, 23] were used to objectively check and validate the new FCP rate expression proposed in Eq. (16) . The procedure for verification is as follows:
(1) The values of B and DK th for FCP are obtained first. To consider the thickness effect on FCP [24] , the data of the fatigue tests without patches are used to get the value of B. The value of DK th is obtained by using Eq. (2) and the applied stress ratio.
Step (5) is then used to determine the value of B through a trial and error approach, which ends when the relative error between the test life and the calculated life in fatigue is less or equal to 1%. (2) The value of R c is calculated from the structural configuration of the cracked metallic member and composite patches, and their Young's modulus according to Eq. (8) or Eq. (9). (3) The value of b, which is considered for each repaired cracked metallic member as a constant related to the quality and variability in the composite patch reparation, can be determined by the fatigue life data. The determining approach is the same as the one for determining the value of B. 
where N f is the FCP life from a crack length of a 0 to that of a e. Then comparison can be made between the a-N curve obtained from the developed model and the curve from the fatigue tests, so as to verify if the new FCP rate expression of a cracked metallic member reinforced by composite patches is valid.
As mentioned above, the methods of substantiation by using fatigue life data are a fitting approach. So, the results obtained from the methods are called as a fitting result.
Repaired cracked 2024-T3 aluminum alloy members
In Ref. [11] , cracked 2024-T3 aluminum alloy members with a CCT geometry and nominal thickness of t = 2.29 mm and t = 6.35 mm, reinforced with a glass/epoxy composite patch, were investigated. The typical geometry and loading of such a specimen are shown in Fig. 4 . The patch consisted in a single-side patch with 4 layers, 8 layers and 16 layers. Dimensions and material properties of the cracked aluminum alloy panel, adhesive, and composite patch are given in Table 1 . Fig. 4 . Typical geometry and loading of single-side repaired panel [11] .
Constant amplitude cyclic loading was applied at ambient temperature to both un-repaired and repaired specimens with a frequency of 10 Hz, a stress ratio of R = 0.05 and a maximum applied remote stress of 118 MPa. The initial crack length of 2a was equal to 10 mm.
The value of DK th for 2024-T3 aluminum alloy can be taken from Ref. [25] as 3.1 MPa ffiffiffiffi ffi m p corrected for R = 0.05 using Eq. (2). The other parameters are determined following the procedure given in Section 3.1. The results are listed in Table 2 .
Substituting the parameters in Table 2 into Eq. (16), the general expressions for FCP rates for the cracked 2024-T3 aluminum alloy members without patch and with a patch at R = 0.05 can be obtained, for example:
For the cracked member with t = 2.29 mm and without patch:
For the cracked member with t = 2.29 mm and a 4 layer patch:
and so on. These expressions are then used to get the fitting a-N curves by using Eq. (17) . The curves of a-N are drawn onto the test data figures from Ref. [11] , as shown in Fig. 5 . It can be seen that the fitting a-N curves for the cases with patches are in fairly good agreement with the test data.
Repaired cracked steel members
In Ref. [23] , cracked Fe E 235-C steel members with a CCT geometry and a nominal thickness of t = 10 mm reinforced with carbon fiber polymer patches were investigated, as shown in Fig. 6 . Patches on both steel member faces with a nominal thickness of 1.2 mm were bonded onto the cracked member. Dimensions and material properties of the cracked steel member, adhesive, and composite patches are given in Table 3 .
Constant amplitude cyclic loading was applied to both un-repaired and repaired members with a stress ratio of R = 0.4 and an applied remote nominal stress range of Dr = 80 MPa. The initial crack length 2a, hole included, was equal to 30 mm.
As mentioned in Section 2.2, the applied stress ratio has an apparent effect on DK th . When R 0:4, the correlation between DK th and R for low carbon steels [20] can be approximated by the following expression:
Thus, the value of DK th for Fe E 235-C steel is taken as 6.06 for R = 0.4 from Eq. (20) . The other parameters are determined following the procedure given in Section 3.1. The results are listed in Table 4 .
Substituting the parameters in Table 4 into Eq. (16), the general expressions for FCP rates of the cracked steel members without patch and with patches at R = 0.4 can be obtained:
For the cracked member without patch: These expressions are used to get the fitting a-N curves under the loading conditions of Dr = 80 MPa and R = 0.4 according to Eq. (17) by numerical integral. The fitting curves of a-N are drawn on the test data figure [23] , as shown in Fig. 7 . The fitting a-N curves are in good agreement with the test data for the cracked steel members. The maximum relative error is within a ±15% band.
Discussion
On the fracture model
The modified static fracture model for FCP in metals [18] can well used to properly analyze and predict FCP rates in more than 100 steels and widely-used aluminum alloys [20, 21] . It can be applied to the stable crack propagation region and the threshold region with the exception of the unstable crack propagation region (near K IC ) or when da/dN is less than 10 À6 m/cycle. This is of practical importance for engineering applications. When composite patches are bonded onto a cracked metallic member, the reinforcing effect can drastically extend the fatigue life of the member [10, 15] and may result in a decrease of the FCP rate into the threshold region [10] , in which Paris equation does not be applied. A general consideration in the researches on this subject [6, 8, 9, 15] is that a composite patch decreases stress intensity factor through the bridging effect on both sides of a crack to extend fatigue life of a cracked metallic member. Thus, the composite patches improve the stress intensity factor level at the tip of a crack and cannot change the fatigue properties of the member material. Gigacycle fatigue tests [10] have proven that the value of DK th is not altered significantly due to repair. This means that a certain amount of the crack opening displacement is needed to keep the reinforcing effect of the composite patches. From the geometry of a cracked metallic member, the cases of 2a = 0 and 2a = W are two extreme conditions corresponding to no reinforcing effect and maximum reinforcing effect, respectively. The degree of reinforcing effect should rise as the length of a crack is increased.
On the expression for the FCP rate of a repaired cracked metallic member
It is shown from the fitting results of a-N curves of repaired cracked aluminum alloy and steel members that the expression developed for the FCP rate of a repaired cracked metallic member, given by Eq. (16) , is well suited to quantitatively analyze the test results. The reason behind it may be that the assumptions used to develop the fracture model for the FCP of repaired cracked members are also reasonable and suitable for the FCP of the repaired cracked metallic member.
The new expression derived in this paper, which reveals the correlation between FCP rate and intrinsic properties of the metallic member and of composite patches, structural configuration of the repaired cracked metallic member, nominal stress intensity factor range, a applied stress ratio, is believed to be a better formula for easily predicting the FCP rate of a repaired cracked metallic member.
It is very interesting to see that the case of b = 1 appears in Tables 2 and 4 . This means that the quality of the bonding can be considered as practically perfect. In these cases, it is very simple to predict the FCP rate only using the material properties (B, DK th , E m , E c ), structural configuration of a repaired cracked member, and fatigue loading (Dr, R). More importantly, every parameter in Eq. (16) has an explicit meaning.
On the value of R c
R c is defined as the stress reduction coefficient, which is caused by a composite patch for an undamaged metallic member. R c is used for a repaired cracked member to describe the relationship between the stress intensity factor and the length of a crack according to the principles of linear elastic fracture mechanics and average distribution of stress. Determination of the stress intensity factor for a repaired cracked member is a key problem in many numerical analyses [2, 8, 13, 15, 17] .
It can been seen from Eqs. (8) and (9) that the value of R c is very close to a unit for thick metallic members. Hence, fatigue strength of a cracked metallic member cannot significantly enhanced by increasing the thickness of a composite patch. This has been shown by test results and numerical analysis [8, 11] .
The parameter ð1 À R c 2a W Þ in Eqs. (12) and (13) may be called the reduction function of the stress intensity factor for a repaired cracked metallic member. According to this result, the stress intensity factor of a repaired cracked metallic member will be decreased linearly with the length of a crack as the crack length is increased. Recently, numerical analyses of cracked aluminum alloy members with patches and patches + stiffeners has also proven a linear variation of the stress intensity factor with crack length [26] .
A good agreement between the fitting a-N curves by using Eq. (16) and test data for repaired cracked aluminum alloy and steel members in Figs. 5 and 7 is a strong support to the developed stress intensity factor reduction parameter for the repaired cracked metallic members, especially for the cases where b = 1.
On the empirical coefficient b
b is an empirical coefficient for reflecting the quality variability of practical bonding technology. For each specimen, the value of b should be kept constant. The value of b may be different for different specimens. From the analysis results in Table  2 , the values of b vary from 0.225 to 1 for a glass/epoxy composite patch. However, all the b values for the repaired steel members with carbon fiber polymer patches (6 specimens in total) are identical and equal to one in Table 4 and Fig. 7 .
Large differences in fatigue test lives for different specimens with the same repair technology have been seen [17] . It should be pointed out that these large differences in fatigue test life data often appears for cracked members with a single side patch. Consequently, it is effectively necessary to take the quality difference of practical bonding technology into account through this empirical coefficient.
Conclusions
Based on the concept of fracture for material elements at the front of a crack for FCP proposed by Zheng and Hirt, a fracture model for a repaired cracked metallic member is developed in this paper. The following preliminary conclusions could be drawn:
(1) FCP of a cracked metallic member reinforced with composite patches occurs due to the fracture of the so-called fatigue element located ahead of the crack tip. Composite patches result in a decrease of the stress intensity factor through the bridging effect on both sides of a crack. The fatigue properties of the cracked member material cannot be changed. (2) According to the principles of static mechanics and linear elastic fracture mechanics, a stress reduction coefficient is suggested. A reduction parameter of stress intensity factor for a repaired cracked metallic member is proposed. The stress intensity factor of a repaired cracked metallic member is decreased in a linear relationship with the length of a crack as crack length is increased. (3) Based on the fracture model, a new expression for the FCP rate for a repaired cracked metallic member, which reveals the correlation between the FCP rate and intrinsic properties of a metallic member and of a composite patch, the structural configuration of a repaired cracked metallic member, nominal stress intensity factor range, an applied stress ratio, is derived for CCT specimens as follows: 
